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Abstract 

In this paper, we define a notion of second order backward stochastic differential 
equation with jumps, which generahzes the continuous case considered by Soner, Touzi 
and Zhang [37] • In order to correctly define these notions, we first have to solve an 
important issue corresponding to the possibility to aggregate, in the sense of [39j and 
|10| . both the quadratic variation and the jump measure of the canonical process on 
the Skorohod space B. For this purpose, we extend in this paper the aggregation result 
obtained in to our context with jumps, the aggregation being valid for a family 
of probabilty measures obtained as solutions of martingale problems on D. Then, we 
obtain a representation of the Y component of the solution of a 2BSDEJ as a supremum 
of solutions of standard backward SDEs with jumps, which, together with some a priori 
estimates ensures the uniqueness of the solution. The existence and some applications 
are obtained in our accompanying paper [23) . 
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1 Introduction 



Motivated by duality methods and maximum principles for optimal stochastic control, 
Bismut studied in [7| a linear backward stochastic differential equation (BSDE). In their 
seminal paper [31j , Pardoux and Peng generalized such equations to the non-linear Lipschitz 
case and proved existence and uniqueness results in a Brownian framework. Since then, a lot 
of attention has been given to BSDEs and their applications, not only in stochastic control, 
but also in theoretical economics, stochastic differential games and financial mathematics. 

Given a filtered probability space {Q, J", {.7^t}o<t<T > ^) generated by an M'^-valued Brownian 
motion B, solving a BSDE with generator g, and terminal condition ^ consists in finding a 
pair of progressively measurable processes (Y, Z) such that 

Yt = ^ + j^ g{s,Ys,Zs)ds- Z.dBs, F-a.s, te[0,T]. (1.1) 

The process Y we define this way is a possible generalization of the conditional expectation 
of ^, since when g is the null function, we have Yt = ¥F' [£^\J^t], and in that case, Z is 
the process appearing in the (J"t)-niartingale representation property of {E''" , t > 

0}. In the case of a filtered probability space generated by both a Brownian motion B 
and a Poisson random measure with compensator ly, the martingale representation for 
[£,\Tt] , t > 0} becomes 

= r ZsdBs +11 Mx){f^ - i^){ds, dx), 
Jo Jo JR''\m 



where ip is a predictable function. 

This leads to the following natural generalization of equation (|1.1|) to the case with jumps. 
We will say that {Y, Z, U) is a solution of the BSDE with generator g and terminal condition 
^ if for all t G [0, T], we have P - a.s. 

Yt = i+ ! g{s,Ys,Zs,Us)ds- [ ZsdBs- [ [ Us{x){ii - y){ds,dx). (1.2) 

Jt Jt Jt JR'*\{0} 

Li and Tang [JO] were the first to prove existence and uniqueness of a solution for (jl.2p 
in the case where g is Lipschitz in {y,z,u). Our aim in this paper is to generalize (jl.2p 
to the second order, as introduced recently by Soner, Touzi and Zhang [37] • Their key 
idea in the definition of the second order BSDE is that the equation defining the solution 
has to hold P-almost surely, for every P in a class of non dominated probability measures. 
Furthermore, they prove a uniqueness result using a representation result of the 2BSDEs as 
essential supremum of standard BSDEs. We will extend these definitions and properties to 
the case with jumps. For the sake of clarity, we will now briefiy outline the main differences 
and difficulties due to the presence of jumps. 

(i) First, we will introduce an equation similar to (II. 2p . for which the driver g depends also 
on the quadratic variation of B^ on the one hand, and on the compensator of the jump 
measure of B"^ on the other hand, where B"^ and B'^ denote respectively the continuous and 
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the purely discontinuous parts of B. Recall that the generator of standard BSDEs does 
not depend on the quadratic variation of the canonical process, and that in the continuous 
second order case it only depends on the quadratic variation of the Brownian martingale 
part. In our case, since we have an additional jump martingale term in the equation, we 
also have an additional dependence in the driver. 

(ii) A second major difference with (jl.2p in the second order case, is, as we recalled earlier, 
that the BSDE has to hold P-almost surely for every probability measure P lying in a wide 
family of probability measures. Under each P, B'^ and B"^ have a prescribed quadratic 
variation and jump measure compensator. This is why we can intuitively understand the 
second order BSDE with jumps (2BSDEJ in the sequel) (j3.3p as a backward SDE with 
model uncertainty, where the uncertainty affects both the quadratic variation and the jump 
measure of the process driving the equation. 

(iii) The last major difference with (|1.2p in the second order case is the presence of an 
additional increasing process K in the equation. To have an intuition for K, one has to 
have in mind the representation (|4.ip that we prove in Theorem 14.11 stating that the Y 
part of a solution of a 2BSDEJ is an essential supremum of solutions of standard backward 
SDEs with jumps. The process K maintains Y above any standard solution ■i/' of a BSDE 
with jumps, with given quadratic variation and jump measure under P. The process K is 
then formally analogous to the increasing process appearing in reflected BSDEs (as defined 
in [T7j for instance). 

There are many other possible approaches in the litterature to handle volatility and / or 
jump measure uncertainty in stochastic models ([T], [12], [13], [6]). Among them, Peng 
|32j introduced a notion of Brownian motion with uncertain variance structure, called G- 
Brownian motion. This process is defined without making reference to a given probability 
measure. It refers instead to the G-Gaussian law, defined by a partial differential equation 
(see [33] for a detailed exposition and references). 

Finally, recall that Pardoux and Peng [31] proved that if the randomness in g and is 
induced by the current value of a state process defined by a forward stochastic differential 
equation, the solution to the BSDE (jl.ip could be linked to the solution of a semilinear 
PDE by means of a generalized Feynman-Kac formula. Similarly, Soner, Touzi and Zhang 
|37| showed that 2BSDEs generalized the point of view of Pardoux and Peng, in the sense 
that they are connected to the larger class of fully non linear PDEs. In this context, the 
2BSDEJs are the natural candidates for a probabilistic solution of fully non linear integro- 
differential equations. This is the purpose of our accompanying paper |24j . 

The rest of this paper is organised as follows. In Section [2l we introduce the set of prob- 
ability measures on the Skorohod space D that we will work with. Using the notion of 
martingale problems on D, we construct probability measures under which the canonical 
process has given characteristics. Then we prove an aggregation result under this family. In 
Section [3l we define the notion of 2BSDEJs and show how it is linked to standard BSDEs 
with jumps. Section [His devoted to our uniqueness result and some a priori estimates. The 
Appendix is dedicated to the proof of some important technical results needed throughout 
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the paper. 

2 Issues related to aggregation 
2.1 The stochastic basis 

Let n := D([0,r],M'^) be the space of cadlag paths defined on [0, T] with values in R 
and such that w(0) = 0, equipped with the Skorokhod topology, so that it is a complete, 
separable metric space (see [5] for instance). The uniform norm on Q is defined by := 
supo<t<r I'^tl- 

We denote B the canonical process, F := {J~t}Q<t<T filtration generated by B, := 
{^i^}o<t<T ^^S^* °f ^ ™y ^' •^i^~-= -^i^ V7V"^(7;+) where 

:= G there exists E £0 such that E CE and P(^) = o| . 

P 

As usual, for any filtration G and any probability measure P, Q will denote the corre- 
sponding completed filtration. We then define as in [37j a local martingale measure P as 
a probability measure such that S is a P-local martingale. Since we are working in the 
Skorohod space, we can then define the continuous martingale part of B, noted B^, and its 
purely discontinuous part, noted B"^, both being local martingales under each local mar- 
tingale measures (see [H]). We then associate to the jumps of i? a counting measure fi^d, 
which is a random measure on ;B(M''') x E (where E := R^\{0} for some r G N*), defined 
pathwise by 

fiB4[0,t],A) := l{AB|g^}, Vt > 0, VA C E. (2.1) 

0<s<t 

We also denote by i'f{dt, dx) the compensator of fi^d{dt, dx), which is a predictable random 
measure, under P and by JjF^^{dt,dx) the corresponding compensated measure. 

We then denote Vw the set of all local martingale measures P such that P-a.s. 

(i) The quadratic variation of B'^ is absolutely continuous with respect to the Lebesgue 
measure dt and its density takes values in S^^. 

(ii) The compensator uf{dt,dx) under P is absolutely continuous with respect to the 
Lebesgue measure dt. 

In this discontinuous setting, we will say that a probability measure P € Vw satisfies 

P 

the martingale representation property if for any (F , P)-local martingale M, there exists 

— p — p 

a unique F -predictable processes H and a unique F -predictable function U such that 

{H, U) G Hf^^(P) X Jlfo^(P) (those spaces are defined later) and 

Mt = Mo+ f H,dB'i+ f I Us{x)Jlld{ds,dx). 

Jo Jo JE 

We now follow [39] and introduce their so-called universal filtration. For this we let V be 
a given subset of Vw , we define 
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Definition 2.1. (i) A property is said to hold V- quasi- surely (V-q.s. for short), if it 
holds P - a.s. for all ¥eV. 

(ii) We call V -polar sets the elements of M-p := {^^^-pM^ {Too) ■ 
Then, we define as in [39] 

■= {^T}^^^ where := f] (-Ff V A/p) . 

Finally, we let T and the sets of all F and F^ stopping times, and we recall that thanks 
to Lemma 2.4 in [39] we do not have to worry about the universal filtration not being 
complete under each P € "P. 

2.2 The main problem 

A crucial issue in the definition of the 2BSDEs in |37] is the aggregation of the quadratic 
variation of the canonical process B under a wide family of probability measures. 

Let V C Vw be a set of non necessarily dominated probability measures and let {X^, P G 
V} be a family of random variables indexed by V. One can think for example of the 
stochastic integrals Xf := ^^'^ HgdBs, where {Ht, t > 0} is a predictable process. 

Definition 2.2. An aggregator of the family {X^ ^ P € V} is a r.v. X such that 

X = X^, P - a.s, for every FeV. 

Bichteler [1], Karandikar [2^, or more recently Nutz [3^ all showed in different contexts, 
and under different assumptions, that it is possible to find an aggregator for the Ito stochas- 
tic integrals ^^^J^ HgdEg. A direct consequence of this result is the possibility to aggregate 
the quadratic variation process {[B,B\t, t > 0}. Indeed, using Ito's formula, we can write 

[B,B]t = BtBj -2 pB^-dBj 
Jo 

and the aggregation of the stochastic integrals automatically yields the aggregation of the 
bracket {[B,B]t, t > 0}. 

This also allows us to give a pathwise definition of the process a, which is an aggregator 
for the density of the quadratic variation of the continuous part of -B, by 

ai:=limsup-((i?^),-(i?Vj> 

Soner, Touzi and Zhang [39], motivated by the study of stochastic target problems under 
volatility uncertainty, obtained an aggregation result for a family of probability measures 
corresponding to the laws of some continuous martingales on the canonical space il. = 
C(M~^,M'^), under a separability assumption on the quadratic variations (see their definition 
4.8) and under an additional consistency condition (which is usually only necessary) for 
the family to aggregate. 
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To define correctly the notion of second order backward SDEs with jumps, we need to 
aggregate not only the quadratic variation [B, B] of the canonical process, but also its com- 
pensated jump measure. However, this predictable compensator is usually obtained thanks 
to the Doob-Meyer decomposition of the submartingale [B,B]. It is therefore obvious that 
this compensator depends explicitely on the underlying probability measure, and it is not 
clear at all whether an aggregator always exists or not. This is a first main difference with 
the continuous case. In order to solve this problem, we follow the spirit of |39j and restrict 
our set of probability measures (by adding an analogous separability condition for jump 
measures) so as to generalize some of their results to the case of processes with jumps. 

After these first notations, in the following subsection, in order to construct a probability 
measure under which the canonical process has a given quadratic variation and a given 
jump measure, we will use the notion of martingale problem for semimartingales with 
general characteristics, as defined in the book by Jacod and Shiryaev [19] to which we 
refer. 



2.3 Characterization by martingale problems 

In this section, we extend the connection between diffusion processes and probability mea- 
sures established in [39] thanks to weak solutions of SDEs, to our general jump case with 
the more general notion of martingale problems. 

Let M be the set of F-predictable random measures u on B{E) satisfying 

/ / (1 A \x\^)h's{dx)ds < +00 and / / xvs{dx)ds < +oo, \/uj € il, (2.2) 
Jo Je Jo J\x\>i 

and let V be the set of F-predictable processes a taking values in with 



/ \at\dt < +00, for every ui € Q. 
Jo 



We define a martingale problem as follows 

Definition 2.3. For ¥ -stopping times ti and T2, for {a, v) D x Af and for a probability 
measure Pi on , we say that ¥ is a solution of the martingale problem (Pi, ri, r2, a, v) if 

(i) P = Pi on Tr^ . 

(ii) The canonical process B on \t\^T2\ is a semimartingale under ¥ with characteristics 



xl\x\yii's{dx)ds, / ttsds, Vs{dx)ds 
J E Jti 



Remark 2.1. We refer to Theorem //.2.21 in fW^ for the fact that ¥ is a solution of the 
martingale problem (Pi, ri, r2, Q, i') if and only if the following properties hold 

(i) P = Pi on Tr, ■ 
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(ii) The processes M, J and L defined below are F-local martingales on [ti,T2] 
Mt:=Bt- ^ l|AB,|>iASs + / / xl\^\^iUs{dx)ds, Ti <t <T2 



Tl<S<t 



Jt := — / ttsds — / x'^Us{dx)ds, Ti < t < T2 

Jti Jti J E 



n -JTi 
t r rt 



Qt -= / g{x)fiBids,dx) - / / g{x)i^sidx)ds, n < t < ra, G C+{W), 

Jti J E Jti J E 

where C~^{W^) is discriminating family of hounded Borel functions (see Remark 1 1. 2.20 in 
for more details). 



We say that the martingale problem associated to (a, u) has a unique solution if, for ev- 
ery stopping times ti , T2 and for every probability measure Pi , the martingale problem 
(Pi, Ti, T2, a, v) has a unique solution. 

Let now Aw be the set of (a, z/) G DxM, such that there exists a solution to the martingale 
problem (P°, 0, +00, a, u), where P° is such that P°(-Bo = 0) = 1. 

We also denote by Aw the set of (a, z^) G such that there exists a unique solution to 
the martingale problem (Pi, 0, +00, a, z^), where Pi is such that Pi(i?o = 0) = 1. Denote 
P" this unique solution. Finally we set 

Vw :={F^, {a,u)eAw}. 

Remark 2.2. We take here as an initial condition that Bq = 0. This does not generate a 
loss of generality, since at the end of the day, the probability measures under which we are 
going to work will all satisfy the — 1 Blumethal law. Hence, Bq will have to be a constant 
and we choose for simplicity. 

2.4 Notations and definitions 

Following [39], for a,b &T> and z^, /3 G Af, we define the first disagreement times as follows 

0"'^ := inf |t > 0, ^ Osds / ^ bsds 

Gv,i3 '■= iiif st>0, / xvs{dx)ds ^ / x(3s{dx)ds 
[ Jo Je Jo Je 

For every f in we define the following event 

f^r'"'" ■■= {r < d U {r = C5 = +00} . 
Finally, we introduce the following notion inspired by [32] 
Definition 2.4. ^0 C Aw is a generating class of coefficients if 
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(i) ^0 ^-5 stable for the concatenation operation, i.e. if {a,v),{h, (5) € .4o x then for 
each t, 

) € Aq. 

(ii) For every (a, z^), (6, /3) ^ Aq x Aq, 9'^^^ is a constant. Or equivalently, for each t, 

^qy^g^ig f2 or 0. 

Definition 2.5. We say that A is a separable class of coefficients generated by Aq if Aq is 
a generating class of coefficients and if A consists of all processes a and random measures 
V of the form 

+ 00 +00 

n=0 i=l 

+ 00 +00 

^^^^) = EE^'^'l^A(^)l[^nH,^n+i)(*)' (2-3) 

n=0 i=\ 

where for each i and for each n, (a"'*,i/"'*) C Aq, Tn and f„, are W-stopping times with 
tq = 0, such that 

(i) Tn < Tn+i on {r„ < +00} and f„ < f„+i on {f„ < +00}. 

(ii) inf{n > 0, r„ = +00} + inf{n > 0, f„ = +00} < 00. 

(iii) Tn and fn take countably many values in some fixed Iq C [0, T] which is countable and 
dense in [0,T]. 

(iv) For each n, {E^)i>i C Jv„ and (£'")j>i C Tf^^ form a partition ofQ.. 

Remark 2.3. // we refine the subdivisions, we can always take a common sequence of 
stopping times (t„)„>o and common sets (-E")i>i,n>o for a and for v. This will be used 
throughout this section. Moreover, the definition indeed depends on the countable subset Iq 
introduced above. We acknowledge that as in 139^ this set could be changed, but for the sake 
of clarity, it will be fixed throughout the paper. We emphasize that will prove in J23^ (see 
Theorem 4.2 ) that this has only a limited impact on our results. For practical purposes, one 
could take for instance Iq = Q ^ [0, T]. 

Remark 2.4. The form for a and v in Definition \2. 51 is directly inspired by the so-called 
properties of stability by concatenation and by bifurcation in the theory of stochastic control. 
As shown for instance in jllGf . or |^ (see Remark 3.1^, this property of control processes 
is tailor-made to be able to retrieve the dynamic programming principle, and is the least that 
once can expect. In our case, 2BSDEs can be seen formally as a weak version of a stochastic 
control problem for which the controls are a and v, and we will see in Proposition 4.2 in 
123^ that this form is exactly what we need to recover the dynamic programming equation 
for our solution of a 2BSDE with jumps. 
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Example 2.1. composed of deterministic processes a and v form a generating class of 
coefficients. 

The following Proposition generalizes Proposition 4.11 of [59] and shows that a separable 
class of coefficients inherits the "good" properties of its generating class. 

Proposition 2.1. Let A be a separable class of coefficients generated by Aq. Then 

(i) If Ao C Aw, then A C Aw- 

(ii) A-quasi surely is equivalent to Ao-quasi surely. 

(iii) // every ¥ G {IP", (a, i^) G ^o} satisfies the martingale representation property, then 
every P G {IP", {c(,i') £ A} also satisfies the martingale representation property. 

(iv) If every P G {P", {ce,!/) G ^o} satisfies the Blumenthal 0—1 law, then every P G 
{P", {a,u) G A} also satisfies the Blumenthal — 1 law. 

As in [39], to prove this result, we need two Lemmas. The first one is a straightforward 
generalization of Lemma 4.12 in [3U], so we omit the proof. The second one is analogous to 
Lemma 4.13 in |39| . 

Lemma 2.1. Let Abe a separable class of coefficients generated by Aq. For any (a, u) G A, 
and any ^-stopping time t £ T, there exist f G T with f >t, a sequence {a^, u^)n>i C 
and a partition {En)n>i C of such that f > t on {t < +00} and 

at{uj) = J^ar(^^)lSn(w) and ut{u;) = ^ij^{uj)1eM, t < f. (2.4) 

n>l n>l 

In particular. En C Q'i''^'"' ''^ which implies that Unf^"'"^'" '"^ = Finally, if a and v take 
the form [K^ and r > r„, then we can choose f > t„+i. 

Proof. We refer to the proof of Lemma 4.12 in [32] • n 

Lemma 2.2. Let ti,T2 £ T be two stopping times such that ti < T2, and (a%i^*)j>i C Aw 
and let {Ei, i > 1} C J-n be a partition of Q.. Finally let P*^ be a probability measure on 
Tt\ and let {P*, i >\\ be a sequence of probabilty measures such that for each i, P* is a 
solution of the martingale problem (P", ri, r2, a*, i^*). Define 

F{E) := ^ r (£; n Ei) for all , 
at := '^allE, and ut := ^^vIIe^, t G [ti,T2]. 

i>l i>l 

Then P is a solution of the martingale problem (P*^, ri, T2, a, i^). 

Proof. By definition, P = P*^ on J>j . In view of Remark 12. 1|, it is enough to prove 
that M, J and Q are P- local martingales on [ti,T2]. By localizing if necessary, we may 
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assume as usual that all these processes are actually bounded. For any stopping times 
Ti < R < S < T2, and any bounded J-R-measurable random variable rj, we have 



i>l i>l 



0. 



Thus Af is a P-local martingale on [ti, T2\. We can prove in exactly the same manner that 
J and Q are also P-local martingales on [ri,r2] and the proof is complete. □ 

Proof of Proposition 12.11 The proof follows closely the proof of Proposition 4.11 in |39] 
and we give it for the conenience of the reader. 

(i) We take (a,z^) G A, let us prove that {a^u) E Aw- We fix two stopping times 6'i,^2 in 
T. We define a sequence (f„)„>o as follows: 

To := Oi and f„ := (r„ V 6*1) A ^2, n> 1. 

To prove that the martingale problem ,9i,62.,a,v) has a unique solution, we prove by 
induction on n that the martingale problem (P'', tq, f„, a, z^) has a unique solution. 

Step 1 of the induction: Let n = 1, and let us first construct a solution to the martingale 
problem (P'', tq, fi, o, i^). For this purpose, we apply Lemma with r = fo and f = fi, 
which leads to at = Yli>i ^t^Ei and vt = Yli>i ^t'^Ei for all t < fi, where (a*, u^) € ^0 and 
{Ei, i > 1} C form a partition of f]. For i > 1, let P'''* be the unique solution of the 
martingale problem (P'^, tq, fi, a^, fj) and define 

pO''^(^) := ^pO'i(£; n Ei) for ah E e Ff^. 

i>l 

Lemma 12.21 tells us that P'''" solves the martingale problem (P'', fo, fi, a, z^). Now let P 
be an arbitrary solution of the martingale problem (P*^, fg, fi, a, i^), and let us prove that 
p = pO-«. We first define 

T{E) := F{E n Ei) + F°'\E n ^E G Tf^. 

Using Lemma [2. 2 1 and the facts that a* = alEi +a*l£;f and = I'lEi +i^^^E^, we conclude 
that P* solves the martingale problem (P'', tq, fi, a*, z^*). This problem having a unique 
solution, we have P* = P*^'* on Tf-^ . This implies that for each i > 1 and for each E G J-f^ , 
F'{E n Ei) = ¥°'\E n E^), and finally 

F^'"'{E) = J2f°^\E n E,) = ^F\E n Ei) = F{E), VE G Tf-,. 

i>l i>l 

Step 2 of the induction: We assume that the martingale problem [F^ ,fo,fn,a,i') has a 
unique solution denoted P". Using the same reasoning as above, we see that the martingale 
problem (P", f„, f„+i, a, z^) has a unique solution, denoted P""*"^. Then the processes M, 
J and Q defined in Remark 12.11 are P'"+^-local martingales on [f„,f„+i], and since P'"+i 
coincides with P" on J-f^, M, J and Q are also P""''^-local martingales on [fo,f„]. And 
hence P"-+^ solves the martingale problem (P°, tq, f„+i, a, z/). We suppose now that P is 
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another arbitrary solution to the martingale problem (P*^, fo, f^+i, a, i^). By the induction 
assumption, = P on J^f,^, then P solves the martingale problem (P"-, fn, fn+i, a, i^), and 
by uniqueness P = P"+i on J~t„+i- The induction is now complete. 

Remark that = V„>iJ-^^. Indeed, since inf{n > 1, r„ = +00} < +00, then inf{n > 
1, f„ = 6*2} < +00. This allows to define ¥°°{E) := P"(^) for E G Tf„ and to extend it 
uniquely to J-q^. Now using again Remark 12.11 we conclude that P°° solves (P", 0i,92, a, u) 
and is unique. 

(ii) We now prove that ^-quasi surely is equivalent to ^o-quasi surely. 

We take (a, u) € A and we apply Lemma [JT] with r = +00 to write at = J2i>i o^'^Ei and 
ut = Yl,i>i K'^Ei for all t > 0, where (a%z^*) G Aq and {Ei^ i > 1} C Too form a partition 
of Take a set E such that P|(-E) = for every (a, i>) G then 

K{E) = Y,K{Ef^Ei) = Y,¥''J,{Ef^Ei) = Q. 

i>l i>l 

(iii) By (i), since A C ^ly, for any [a,u) G ^, the corresponding martingale problem has 
a unique solution, which is therefore an extremal point in the set of solutions. Hence, we 
can apply Theorem III. 4. 29 in [19] to obtain immediately the predictable representation 
property. 

(iv) Take (a, v) G .4 of the form (j2.3p . in which we can take tq = without loss of generality. 
P" is the law on [0, ri] of a semimartingale with characteristics 



x\\^\yii)s{dx)ds, j dgds, Vs{dx)ds 
Je Jo 



where 



dt := '^a^'^^El and ut := X]'^"'*^^?^' 

i>l i>l 

where {Eq, i > 1} C -Fq is a partition of 0,. Since J-q is trivial, the partition is only 
composed of $7 and 0, and then 

0,1 , ~ 0,1 
at := a^ and ut = ft ■ 

Then for E e To+, K{E) = P|(S) = 0, since P| satisfies the Blumenthal - 1 law by 
hypothesis. □ 

Remark 2.5. I/Aq consists of deterministic mappings as in example \2.1l thenW^ is the law 
on [0, Ti] of an additive process with non random characteristics, for which the Blumenthal 
— 1 law holds (see for instance JS^)- 

We now state the following Proposition which tells us that our probability measure coincide 
until their first time of disagreement. 

Proposition 2.2. Let A be a separable class of coefficients generated by Aq, let V_a '■= 

{P^, (a, u) G A} and let (a, u) x {b, /3) e A x A. 
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(i) 0°'^ is an F-stopping time taking countably many values. 

(ii) Moreover, we have the following coherence condition 

Proof, (i) Let us prove that |^"'^ < ii| G -T^ti, for any ti > 0. 

We apply Lemma l2.ll for {a^v) and (6, /3) with r = ti to obtain the existence of (a",!^, 
{b^,l3f) in ^0 and En C forming a partition of 0, such that (a", 5", i^", coincide 
with (a, 6, V, (3) on for t < f, where f > ti. Then 

n>l 

(^iyn'i3,i < ti> is either or 0, and 

since En G Tt^ , then 

{Cj<ti}G7-,,. 

To show that ^"'^ takes countably many values, we apply again Lemma [2?T] with r = 
to obtain the existence of (aj'jff), in and E'n C Jv forming a partition of fi, 

such that (a", 6", z/", Z?") coincide with (a, 6, z/, /3) on E'^ for t < f, where f > r. Since 
O^n is a constant and given that 0^'^ = O^n' j^n on we have the desired result. 

(ii) We write that for any E G P'^'^ 

E n Jl^'"'^''^ n {e^'J < t} = E n {f < e^'J} n {e;:^ < t} 

= U (^n{f<C:J}n{f<t-l|n{C;J<t}). 

m>l ^ K J / 

Since 16*"'^ — ^} ^ S^t that for any m > 1, 

and then 

From this last assertion, we deduce that there exist measurable sets E'^''^ , E^'^ belonging 
to J^na,b, i = 1,2, such that 

E°'" cEn n"/^^'^ c E^'", E^ cEn Q"/''''^ c e^/ 

{E^'''\E^''') = (^eI'\eI'^^ = 0. 
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We set := E^'" U e\'^ and E^ := E^/ D E^/ , then 

E^, E^ € Ta,b, E^ cEn n'^'"'^''^ c E^ and {E\E^) = {E^\E^) = 0. 
This imphes that 

(^E n n"/'''^'^'^ = Fl{E^) and P^ (^E n S^^'''''''^) = F^^{E^), 

but the solutions of the martingale problems (P*^, 0, a, v) and (P'^, 0, 0"'^, 6, /3) are equal 
by definition. And since E"^ G Tna,b , we have 

fi{e'^) = p^(£;^) 

which gives the desired result. □ 

We now have every tools we need to state and prove the main resut of this section, which 
generalizes the aggregation result of Theorem 5.1 in [39]. For this purpose, we use the more 
general aggregation result of Cohen [10], that does not concern only volatility or jump 
measure uncertainty. 

Theorem 2.1. Let A he a separable class of coefficients generated by Aq and V_a the 

corresponding probability measures. Let 

{X-^\ (a,z.)e^}, 
be a family of W -progressively measurable processes. 
Then the following two conditions are equivalent 

(i) {X^''^ , [a^u) € A] satisfies the following consistency condition 

X^.v ^ x^,l3^ ri-a.s. on [O,^;;;^) for any ia,u) G A and (6, /?) G A. 

(ii) There exists aV-q.s unique process X such that 

X = X''''', ¥l-a.s., y{a,u) £ A. 

Proof. We first prove that (i) implies (ii) . Using Lemma 3 in |10j , we see that the definition 
of the generating classes, together with Proposition 12. 2| implies that the family V satisfies 
the Hahn property defined in |10j . Now Theorem 4 of [10] gives the result. The fact that 
(ii) implies (i) is a consequence of the unicity of the solution of the martingale problem 
(pO,O,0;'J,a,^)on[O,0;'^). □ 

Now that we have Theorem 12. H we can answer our first issue concerning the aggregation of 
the predictable compensators associated to the jump measure fi^d of the canonical process. 
Indeed, let Abe a separable class of coefficients generated by Aq and V := {P", (a, i^) G A}. 

pa 

Then, for each Borel set A G B{E) and for each t G [0, T] the family {fj " {A)}(^a,u)£A dearly 
satisfies the consistency condition above (because it is defined through the Doob-Meyer 
decomposition, see Proposition 6.6 in [39]), and therefore there exists a process such that 

dt{A) = (^), for every P G Va- (2-5) 

We then denote 

JlQd{dt,dx) := fi^d{dt,dx) — dt{dx)dt. 
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2.4.1 The strong formulation 

In this Section, we will concentrate on a subset of Vw- For this purpose, we define 

V := {z^ G AA, G Aw}- 

For each € V, we denote P'^ := ¥jf and for each a ^T>, we define 



o (X")-^ , where := / al^^dB^ + Bf, - a.s. 

Jo 



(2.6) 



Let us now define, 

P5:={F"'^ {a,u)eAw}. 
Then a is the quadratic variation density of the continuous part of X°' and 

under P''. Moreover, i'i{dx)dt is the compensator of the measure associated to the jumps 
of X" and AX" = ABs under P''. We also define for each P € Vw the following process 

Lj:=W[ + Bt F-a.s., (2.7) 

where Wf is a P-Brownian motion defined by 

Wr:= fz-^'^dBl. 
Jo 

Then, Vs is a subset of Vw and we have by definition 

the P^'^'-distribution of {B,a, d, lF"'") is equal to the P'^-distribution of (VF°, a, v, B). 

(2.8) 

We also have the following characterization in terms of filtrations, which is similar to Lemma 
8.1 in |39] 



Lemma 2.3. = |p g Vw, "^^""^ = ^"^^ 



Proof. By the above remarks, it is clear that a and B are F^" -progressively measurable. 
But by definition, F is generated by B, thus we conclude easily that F C F-^" . The 
other inclusion being clear by definition, we have 



F = F 



Now we can use (ES) to obtain that F^ = F 



Conversely, let P G Vw be such that F^"" ' = F . Then, there exists some measurable 
function /? such that B = P{LF). Let u be the compensator of the measure associated to 
the jumps of B under P. Define then, 

d<P{B),(]{B) 
■= dt ' 
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we conclude then that P = P"'^. 



□ 



Define now As '■= {{a,!^) € Aw, T^s}- It is important to notice that in our frame- 

work, it is not clear whether all the probability measures in Vs satisfy the martingale 
representation property and the Blumenthal — 1 law. Indeed, this is due to the fact that 
the processus does not necessarily satisfy them. This is a major difference with [39j . 
Nonetheless, if we restrict ourselves to a subset of Vs, we are going to see that we can still 
recover them. First, we have the following generalization of Proposition 8.3 of |39j . 

Proposition 2.3. Let A be a separable class of coefficients generated by Aq- If Aq C As, 
then A C As- 

Proof. This is a straightforward generalization of the proof of Proposition 8.3 in [39], using 
the same kind of modifications as in our previous proofs, so we omit it. □ 

Let us now consider the set introduced above in Example 12.11 

^0 •= v) € V X Af which are deterministic} , "P^^^ := |P", (a, z^) € • 

^0 is a generating class of coefficients, and it is a well known result that C Aw (see 
Theorem III. 2. 16 in [TO]) and that every probability measure in satisfies the martingale 
representation property and the Blumenthal 0—1 law, since the canonical process is actually 
an additive process under them. Moreover we also have 

Lemma 2.4. We have V^^^ C Vs- 

Proof. Let P := P" be a probability measure in Vj^^^- As argued previously, we have 
P-a.s. 

B^, = f al'^dLl' and ALf = /\Bt. 
Jo 

Since a is deterministic, it is clear that we have F = , which implies the result. □ 

Finally, we consider A the separable class of coefficients generated by Aq and V^ the 
corresponding set of probability measures. Then, using the above results and Propositions 
12.11 and 12. 3^ we have 

Proposition 2.4. V^ C Vs and every probability measure in Vj^ satisfies the martingale 
representation property and the Blumenthal — 1 law- 

Proof. Once we know that the augmented filtration generated by LF satisfies the mar- 
tingale representation property and the Blumenthal — 1 law for every P G "P^^ , we can 
argue exactly as in the proof of Lemma 8.2 to obtain the results for V^^- The result for 
V^ then comes easily from Proposition 12.11 □ 

Remark 2.6. In our jump framework, we need to impose this separability structure on 
both a and v, in order to be able to retrieve not only the aggregation result of Theorem \2-l\ 
but also the property that all our probability measures satisfy the Blumenthal — 1 law and 
the martingale representation property. However, if one is only interested in being able to 
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consider standard BSDEs with jumps, then we do not need the aggregation result and we 
can work with a larger set of probability measures without restrictions on the a. Namely, 
let us define 

Then we can show as above that C Vs and that all the probability measures in Vj^ 
satisfy the Blumenthal — 1 law and the martingale representation property. This is going 
to be important in our accompanying paper \23^ . 

3 Preliminaries on 2BSDEs 

3.1 The non-linear Generator 

In this subsection we will introduce the function which will serve as the generator of our 
2BSDE with jumps. Let us define the spaces 

L2 — ^ 2.2(z.) and := Q L^{v). 

For any function v with bounded gradient, any w G and any < t < T, we denote v 
the function 

v{e) := v{e + uj{t)) - v{uj{t)) - l{|e|<i} e.{Vv){u}{t)), for e e E. 

The hypothesis on v ensure that v is an element of L^. We then consider a map 

Ht{uj, y, z, u, j,v) : [0,T] X n X R X R'^ X X Di X D2 ^ R, 

where Di C R'^^'^ is a given subset containing and D2 C (iM*, where J\f* denotes the 
topological dual of Af. 

Define the following conjugate of H with respect to 7 and v by 

Ft{uj,y,z,u,a,u) := sup \}-TT{a-f)+ < v,u > -Ht{u},y, z,u,-f,v) 
{■y,v}(£DixD2 

for a G S^'' and u G J\f, and where < v,v > is defined by 

<v,v>:= i v{e)v{de). (3.1) 
Je 

The quantity <v,u> will not appear again in the paper, since we formulate the needed 
hypothesis for the backward equation generator directly on the function F. But the par- 
ticular form of < -D, > comes from the intuition that the second order BSDE with jumps 
is an essential supremum of classical BSDEs with jumps (BSDEJs). Indeed, solutions to 
markovian BSDEJs provide viscosity solutions to some parabolic partial integro-differential 
equations whose non local operator is given by a quantity similar io < v,u > (see [2] for 
more details). We define 

Ft{y,z,u) := Ft{y, z,u,at,Dt) and F° := Ft(0,0,0), V^-q.s. (3.2) 
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We denote by -Dl, , n the domain of F in a and by D\ , ^ the domain of F in u, for 
a fixed (t,u},y,z,u). As in [37j we fix a constant k G (1,2] and restrict the probabihty 



measures in C V^^ 



Definition 3.1. consists of all P G such that 
(i) Jq fj^x'^ut{dx)dt < +00. 



(ii) / < a < d^, dtxdF- as for some a^, d^ G S>°, anrf E^^ 



/c 



T 



(it 



< +00. 



Remark 3.1. The above conditions assumed on the probability measures in ensure that 
under any P G V^, the canonical process B is actually a true cddldg martingale. This will 
be important when we will define standard BSDEs under each of those probability measures. 

We now state our main assumptions on the function F which will be our main interest in 
the sequel 

Assumption 3.1. (i) The domains D^^p^i^yzu) ~ ^Ft ^Ftiy z u) ~ ^Ft independent 

of {uj,y,z,u). 

(ii) For fixed {y, z,a,v), F is F-progressively measurable in Dp^ x Dp^. 

(iii) The following uniform Lipschitz-type property holds. For all {y,y',z,z',u,t,a,v,oj) 

\Ft{u,y,z,u,a,v) - Ft{uj,y' , z' ,u,a,i^)\ < C (\y - y'\ + a^/^ (z - z') ^ . 

(iv) For all {t,uj,y, z,u^ ,u'^ ,a,iy), there exist two processes 7 and 7' such that 
6^''^u{x)j'i-{x)i'{dx) < Ft{uj,y, z,u^ jaju) — Ft{uj,y, z,u'^ jQji') < / 6^''^u{x)jt{x)i^{dx), 



where 5^''^u := - and ci(l A |x|) < 7t(x) < 02(1 A |x|) with — 1 + 5 < ci < 0, C2 > 0, 
and ci(l A \x\) < i^{x) < 4(1 A \x\) with -1 + 5 < c'^ < 0, ^ > 0, for some (5 > 0. 

(v) F is uniformly continuous in oj for the || • ||oo norm. 

Remark 3.2. The assumptions (i) and (ii) are classic in the second order framework 
(ISTf ). The Lipschitz assumption (iii) is standard in the BSDE theory since the paper 131^ . 
The hypothesis (iv) allows to have a comparison theorem in the framework with jumps, it 
has been introduced in 135^ . it is also present in in the form of an equality. The last 
hypothesis (v) is also proper to the second order framework, it is linked to our intensive use 
of regular conditional probability distributions in J23^ to construct our solutions pathwise, 
thus avoiding complex issues related to negligeable sets. 

Remark 3.3. (i) For ni < K2, applying Holder's inequality gives us 



E^ 



F' 



dt 



< CE* 



T 



dt 



where C is a constant. Then it is clear that is decreasing in k. 

(ii) The AssumptionlSJl together with the fact that F^ < +00, F""'" -a.s for every F""'" G Vfj, 
implies that at G D],^ and dt G dt x P^'^'-a.s., for all P"''' G V^j. 
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3.2 The Spaces and Norms 



We now define as in [57j, the spaces and norms which will be needed for the formulation of 
the second order BSDEs. 

For p > 1, LF^ denotes the space of all J-r-nieasurable scalar r.v. ^ with 



sup E^[icn < +00. 



^jf" denotes the space of all F+-predictable R'^-valued predictable processes Z with 



sup W 



Zt\ at 







< +00. 



denotes the space of all F^-progressively measurable M-valued processes Y with 



Vh — Q-S- cadlag paths, and 



sup 



sup \Yt\P 

0<t<T 



< +00. 



F^'^ denotes the space of all F+-predictable functions U with 



\U\\P := supE^ 



T 



vt{dx)ds 



< +00. 



For each £, e L]f , ¥ e and t e [0, T] denote 
Ef'^[^]:= esssup^ Ef ' [C] where (t+ , ] 

Then we define for each p > k, 



|p' eP^ :P' =Pon 



LP^- := G : II^IIl- < +^} ^^^^e H^H^- ■= ^ 



ess sup I E^ 

0<t<T 



Hi 



Remark 3.4. aside, the definitions of the previous spaces are classic, hut the second 
order framework induces the presence of an essential supremum over our family of proba- 
bility measures. As for L^*^, it appears naturally in the a priori estimates, we refer to J^7| / 
for more details. 

Finally, we denote by 110^(0) the collection of all bounded and uniformly continuous maps 
^ : — 7- M with respect to the ||-||QQ-norm, and we let 

C-jf' := the closure of UC;,(r2) under the norm ||-||lp.k, for every 1 < k < p. 

For a given probability measure F eV^, the spaces LP(P), DP(P), MP{F) and F(P) corre- 
spond to the above spaces when the set of probability measures is only the singleton {P}. 
Finally, we have ]HI^^^(P) denotes the space of all F+-predictable M'^-valued processes Z with 

rT 



-1/2^ 



dt 



< +00, 



a.s. 



'Jfoc(^) denotes the space of all F+-predictable functions U with 

■n 

rT 



\Us{x)\ i't{dx)ds < +00, 



a.s. 
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3.3 Formulation 



We shall consider the following second order backward SDE with jumps (2BSDEJ for short), 
for < t < T and P|^-q.s. 



T 



T 



Us{x)JiQd{ds,dx) + Kt — Kt- (3.3) 



t Jt J E 

2 h ttttS-Av Tr2-/^ 



Definition 3.2. We say (Y, Z, U) € B^" x M^'' x J^" is a solution to 2BSDEJ ([33]) if 
•YT = i, V%-q.s. 

• For all P G and < t < T , the process defined below is predictable and has 
non- decreasing paths P — a.s. 



K!:=Yo-Yt 



FsiY, 



,Zs,Us)ds + / 
Jo 



ZsdBl+ I [ Us{x)fls4ds,dx). (3.4) 
Jo Je 



The family \^K^,F E "P/^j satisfies the minimum condition 



K 



essinf^ 



, < t < T, 



a.s., VP e 



(3.5) 



Moreover if the family \^K^,¥ € V^} can be aggregated into a universal process K , we call 
(y, Z, [/, i^) a solution of the 2BSDEJ 

Remark 3.5. Since with our set we have the aggregation property of Theorem \2.1[ and 
since the minimum condition ()3.5p implies easily that the family {^K^^ € satisfies the 
consistency condition, we can apply Theorem \2.1\ and find an aggregator for the family. This 
is different from \37^ , because we are working with a smaller set of probability measures. 
Therefore, from now on, we will supress the dependence in P of K, when it will be clear 
that we are dealing with a solution to a 2BSDE. 

Following [37] , in addition to Assumption 13. H we will always assume 
Assumption 3.2. (i) T"^ is not empty. 

(ii) The process F^ satisfy the following integrability condition 





ess sup 1 t J 


r 1 


2 " 




sup E^^ 


Jo 


y 


< +00 




0<t<T V 









3.4 Connection with standard backward SDEs with jumps 

Let us assume that H is linear in 7 and v, in the following sense 

Ht{y,z,u,-f,v) := ^Ti- [7^7] + {v,u*) - ft{y,z,u), 



(3.6) 



(3.7) 



where u* € A/". We then have the following result 
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Lemma 3.1. If H is of the form |g.7| j, then Dp = {Id}, Dp = {ly*} and 



Ft{uj,y,z,u,a,u) = Ft{uj,y,z,u,Id,v*) = ft{y,z,u). 
Proof. First notice that 



Ht{oj,y,z,u,-f,v) = sup \}-Tt{aj)+ [ [ 
(a,i/)eS>OxAr I ^ Jo Je 



T 

v{e)i's{uj){ds, de) - 5id{a) - 5y* {v) 



{a,u)i 

- ft(.y,z,u). 

where 6a denotes the characteristic function of a subset A in the convex analysis sense. 
By definition of F, we get 

Ft{uj,y,z,u,a,i^) = ft{y,z,u) + H**{a,u), 

where H** is the double Fenchel-Legendre transform of the function 

{a,iy) ^ 6jd{a) +6u*{i^), 

which is convex and lower-semicontinuous. 
This then implies that 

Ft{uj, y, z, u, a, v) = ft{y, z, u) + 5id{a) + {u), 

which is the desired result. □ 

If we further assume that E'^'''* \ft{0,0,0)f dt < +00, then = {P^*} and the 

minimality condition on K = K^"* implies that = E'^"* [Kt]-, which means that -fC = 0, 
P,y*-a.s. and the 2BSDEJ is reduced to a classical backward SDE with jumps. 

3.5 Connection with G-expectations and G-Levy processes 
3.5.1 Reminder on G-Levy processes 



In a recent paper [18], Hu and Peng introduced a new class of processes with independent 
and stationary increments, called G-Levy processes. This processes are defined intrin- 
siquely, i.e. without making reference to any probability measure. 

Let Q be a given set and let % he, & linear space of real valued functions defined on 0, 
containing the constants and such that \X\ € Ti if X T-L. A sublinear expectation is 
a functional E : 'H — )■ M which is monotone increasing, constant preserving, sub-additive 
and positively homogeneous. We refer to Definition 1.1 of 13^3] for more details. The triple 
{0,,T-L,¥,) is called a sublinear expectation space. 

Definition 3.3. A d-dimensional cadlag process {Xt, t > 0} defined on a sublinear expec- 
tation space (r2,'H,E) is called a G-Levy process if: 

(i) Xo = 0. 
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(ii) X has independent increments: \/s,t > 0, the random variable {Xt+s — Xt) is inde- 
pendent from (Xtj , . . . , Xt„), for each n G N and < ti < ■ ■ ■ < tn < t. The notion 
of independence used here corresponds to definition 3.10 in jlSSf . 



(iii) X has stationary increments: Vs, t > 0, the distribution of {Xt+s — Xf) does not 
depend on t. The notion of distribution used here corresponds to the definition given 
in §5 of IMI- 



(iv) For each t >d, there exists a decomposition Xt = Xf + Xf, where {Xf , t > 0} is a 
continuous process and {Xf, t > 0} is a pure jump process. 

(v) {X^^Xf) is a 2d- dimensional process satisfying conditions (i), (ii) and {Hi) of this 
definition and 



t^o+ t 
for a real constant C 



lim -E ( = 0, E 



Xf 



<Ct,t>0 



In |18] . Hu and Peng proved the following Levy-Khintchine representation for G-Levy pro- 
cesses: 

Theorem 3.1 (Hu et Peng [IB])- Let {^ti t > 0} be a G-Levy process. Then for each 
Lipschitz and bounded function ip, the function u defined by u{t, x) := E {ip[x + Xt]) is the 
unique viscosity solution of the following partial integro- differential equation: 



dtu{t,x)— sup < / [u{t,x -\- z) — u{t,x)]i/{dz)-\- < Du{t,x),B > 

{b,a,u)eU Ue 

+^Tr [D'^u{t,x)aa'^]^ = 
where U is a subset o/M'^ x M'^^'' x satisfying 

sup < / \z\ v{dz) + |6| + Tr [aa'^] > < +oo 

and where denotes the set of positive Radon measures on E. 

Notice that Hu and Peng study the case of G-Levy processes with a discontinuous part that 
is of finite variation. 



3.5.2 A connection with a particular 2BSDEJ 

In our framework, we know that B'^ is a purely discontinuous semimartingale of finite 
variation under ¥y if Jq J\r^\<^i \x\us{dx)ds < +oo, Pjy-a.s. We give a function H below, 
that is the natural candidate to retrieve the example of G-Levy processes in our context. 
This is one of the points of our accompanying paper |24j . 
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Let N be any subset of N that is convex and closed for the weak topology on A^^. We 
define 

Ht{uJ,-t,v) := sup 1^X1(07)+/ / v{e)vs{de)ds - 5]^a^^a2]{a) - . 

{a,u)(in>° xM {■^ Jo JE ) 

Since [01,02] and Af are closed convex spaces, Ft{uj,a,v) is the double Fenchel-Legendre 
transform in {a,u) of the convex and lower semi-continuous function {a,u) 1— > 6[ai,a2\{^) + 
and then 

Ft{u},a,v) = (5[ai,a2](a) + 

In [24j . we prove that the second order BSDEs with jumps are connected to a class of fully 
non linear partial integro-differential equations. With this particular function H and its 
transform the PIDE we find is the one given in Theorem 13. 11 If moreover Ht{uj,'y,v) = 
Ht{uj,v) is independent of 7, and TV" = {A5{i}, Ai < A < A2} (which is convex and closed), 
then Ft is independent of a and we obtain a 2BSDEJ giving a representation of the G- 
Poisson process. 

4 Uniqueness result 

4.1 Representation of the solution 

We have similarly as in Theorem 4.4 of |37j 

Theorem 4.1. Let Assumptions 13. il and \3.S\ hold. Assume ^ € L^'" and that (Y,Z,U) is 
a solution to 2BSDE with jumps (I3.3p . Then, for any P € T"^ and < ti < t2 < T , 

Yt,= esssup" y({t2,Yt,), F-a.s., (4.1) 

P'G-P|f(t+,P) 

where, for any¥ € V^, -stopping time t, and -measurable random variable ^ € L^(P), 
{y^{T,S,), z^{t,£,)) denotes the solution to the following standard BSDE on < t < t 

y^ = i- r F,{yl,zl,ul)ds+ r zldB's+ r [ ul{x)liBa{ds, dx), F-a.s. (4.2) 

Jt Jt Jt JE 

Remark 4.1. We first emphasize that existence and uniqueness results for the standard 
BSDEs (j4.2p are not given directly by the existing litterature, since the compensator of 
the counting measure associated to the jumps of B is not deterministic. However, since 
all the probability measure we consider satisfy the martingale representation property and 
the Blumenthal — 1 law, it is clear that we can straightforwardly generalize the proof of 
existence and uniqueness of Li and Tang 14 Of (see also J3f and 11 If for related results). 
Furthermore, the usual a priori estimates and comparison Theorems will also hold. 

Remark 4.2. It is worth noticing that, unlike in the case of2BSDEs (see \37f for example), 
this representation does not imply directly the uniquemess of the solution in B^'' x H^'^ x J^*^ . 
Indeed, by taking t2 = T in this representation formula, we have 

Yt = esssup'^ yf' {T,i), t G [0,r], P - a.s., for all P G Vh, 

P'GP^(i+,P) 
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and thus Y is unique. 

Then, since we have that d (Y'^, B'^)^ = Ztd{B^)^, — q.s., Z is unique. However, here 
we are not able to obtain that U and are uniquely determined. Nonetheless, this rep- 
resentation is necessary to prove some a priori estimates in Theorem \4-4\ which, as for the 
standard BSDEJs, insure the uniqueness of the solution. 

Before giving the proof of the above theorem, we first state the fohowing Lemma which is a 
generahzation of the usual comparison theorem proved by Royer (see Theorem 2.5 in |35j). 
Its proof is a straightforward generalization so we omit it. 

Lemma 4.1. Let P € V^. We consider two generators f^ and satisfying Assumption 
Hcomp 'i-n \35f (which is a consequence of our more restrictive assumptions). Given two non- 
decreasing processes and k"^ , let and be two terminal conditions for the following 
BSDEJs for i = 1,2, 

yi=e+ r fM,zl,u',)ds- r zldWs- r l uHxy^ids, dx) + k^-kl ^-a.s. 



Denote by (y^,z^,n^) and {y"^ , ,v?) the respective solutions. If 6.^ < k^ — k"^ is non- 
increasing and f''{t,yl,zl,u]) < f'^{t,yl,zl,u\), then Vi € [0,T],y/ < Y^ . 



Proof of Theorem 14.11 The proof follows the lines of the proof of Theorem 4.4 in |37j . 

(i) Fix < ti < ^2 < r and P G V^. For any P' G V^jit^ ,¥) and ti<t< t2, we have, 

Yt =Yt, + I ' Zs, Us)ds - I ' ZsdB'; - / V Us{x)fiB^{ds, dx) 

Jt Jt Jt Je 

+ Kt^-Kt, ¥' -a.s., 

where K is the aggregator for the family of non-decreasing processes. 

With Assumption 13. 1|, we can apply the above Lemma 14.11 under P' to obtain Yj^ > 
yf[{t2,Yt2), P' - a.s.. Since P' = P on 7"+, we get Yt^ > yj[{t2,Yt^), P - a.s. and thus 

Yt, > esssup^ y({t2,Yt,), F - a.s. 
p'eP|f{t+,P) 

(ii) We now prove the reverse inequality. Fix P G V^. We will show in (iii) below that 

\2" 



Cl:= ess sup- {Kt, - Kt^ 



< +00, P - a.s. 



For every P' G 7'|^(t+,P), denote 

6Y:=Y- / {t2,Yt,), 6Z := Z - / (ta, ^tj and 5U:=U- / (ta, ItJ- 
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By the Lipschitz Assumption 13. ir iii) . there exist two bounded processes A and -q such that 
for all ti < t < t2, 



t2 



6ZsdB^^ 



t2 



It JE 

Define for ti < t < t2 the following processes 



6Us{x)flBd{ds,dx) + — Kt, P —a.s. 



and 



:= / risas^/'^dBl+ / / -fs{x)fLB-i{ds, dx), 

Jti Jti JE 

Mt := exp (^^ Xsds^ £{N)t, 



where £{N)t denotes the Doleans-Dade exponential martingale of Nf. 

By the boundedness of A and t] and the assumption on 7 in Assumption IS-lT iv). we know 
that M has moments (positive or negative) of any order (see |26] for the positive moments 
and Lemma lA.41 in the Appendix for the negative ones). Thus we have for p > I 



sup Mf + sup M^ ^ 

ti<t<t2 ti<t<t2 



< a 



a.s. 



(4.3) 



Then, by Ito's formula, we obtain 

diMt5Yt) =Mt^d{5Yt) + SYt^dMt + d [M, 5Y\ 



^' ^' ^' 



+dZtdB^ + / i6Utix) + ^tix)6Utix)) fiB^dt, dx) 

JE 

+ 6Yt^Mt^ (^Xtdt + r]ta~^'^dB^^ + 7tix)flB^ (dt, dx)^ 
+ Mt {rita]'^5Ztdt + j^jt{x)dUt{x)Mdx)d?j - Mt-dKf 



Thus, by Assumption 13 . 1 f iv) . we have 



5Yt, <- Ms (sZs + 6YsVsK^^^) dB's + M^^dKs 

{5Us{x) + 5Ys^s{x) +^s{x)5Us{x))JiBd{ds,dx). 



By taking conditional expectation, we obtain 



t2 



Mt-dKt 



(4.4) 
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sup (MO i^C -K[^ 

ti<t<t2 ^ 



Applying the Holder inequality, we can now write 



sup {Mtf 



u <t<u 



1/3 



E: 



ti 

1/3 



K - K 



a.s. 



3/2' 



2/3 



Taking the essential infimum on both sides finishes the proof. 

(iii) It remains to show that the estimate for Cj^ holds. But by definition, and the Lipschitz 
Assumption on F we clearly have 



sup \{Kt,-KtS' 



<C{\\Y 



+ \\z\\ 



+ \\U\ 



+ 



< +00, 



(4.5) 



since the last term on the right-hand side is finite thanks to the integrability assumed on ^ 
and . We then use the definition of the essential supremum (see Neveu [29] for example) 
to have the following equality 



esssup'^ Ef^ \{Kt, - Kt,f] = sup Ef; \{Kt, - Kt,] 



n>l 



a.s. 



(4.6) 



for some sequence (Pn)n>i C Vfj{tf ,F). Morevoer, in Lemma lA.ll of the Appendix, it 
is proved that the set 7-'^(t^,P) is upward directed which means that for any P'-^, P'g G 
V^{t+,F), there exists P' € :P^(t+,P) such that 



max s 



Ef^ [{Kt,-Kt,) 

Hence, by using a subsequence if necessary, we can rewrite (|4.6p as 



esssup'^ Ef^ 



lim tEf" 



a.s. 



With ()4.5p . we can then finish the proof exactly as in the proof of Theorem 4.4 in |37j . □ 
Finally, the comparison Theorem below follows easily from the classical one for BSDEJs 
(see for instance Theorem 2.5 in [35]) and the representation (j4.ip . 

Theorem 4.2. Let {Y, Z, U) and {¥', Z', U') be the solutions of 2BSDEJs with terminal 
conditions ^ and ^ , generators F and F respectively (with the corresponding function 
H and H ), and let {y^,z^,vF) and (y'^ , z'^ ,u'^) the solutions of the associated BSDEJs. 
Assume that they both verify our Assumptions I3.il and \3.2\ and that we have 

. F,(yf,zf,0<F;(yf,zf,nf), 
Then Y < Y' , - q.s. 



a.s., for allF e Vfj. 
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4.2 A priori estimates and uniqueness of the solution 



We conclude this section by showing some a priori estimates which not only will imply 
uniqueness of the solution of the 2BSDEJ (|3.3|) . but will be useful to obtain the existence 
of a solution in [23] . 



Theorem 4.3. Let Assumptions \3.1\ and \3.S\ hold. Assume ^ E Vff and {Y,Z,U) G 
X J^*^ is a solution to the 2BSDEJ (13. 3p . Let {{if , i^)^^^^k be the solutions 



of the corresponding BSDEJs (j4.2p . Then, there exists a constant such that 



|y||L.« + ||Z||L« + ||C/||l.+ supE^ iKrf <cJm\l2,. + <t>l^ 



sup 







2 




2 




{ 




+ 




+ 






D2(P) 




e2(p) 





<c.(iieii^,. + 4«). 



Proof. As in the proof of the representation formula in Theorem 14.11 the Lipschitz as- 
sumption I3.1l fiii) of F implies that there exist two bounded processes A and 77 such that for 
all t, and P — a.s. 



Vt 



< + [ (A.yf + r?.ay2,f + FM C <)) ds - £ z^^dB^ 



u^{x)flQd{ds, dx). 



Define the following processes 



Nt 



:= 7?,a//^dS^ + ^ j -fs{x)ilBd{ds,dx), and := exp Xsds^ £{N)t 



where £{N)t denotes the Doleans-Dade exponential martingale of Nt. Then by applying 
Ito's formula to Mtyf, we obtain 



Mt^+ / MsFs{0,0,u^,)ds 



Ms')s{x)i/g{x)us{dx)ds 



Finally with Assumption (j3.ip (iv). the Holder inequality and the inequality p.3p . we con- 
clude that there exists a constant depending only on k, T and the Lipschitz constant of 
F, such that for ah P 



Vt 



<CXt 



T 



ds 



I/k 



(4.7) 



This immediately provides the estimate for . Now by definition of our norms, we get 
from (|4.7p and the representation formula ()4.ip that 



\Y\\i.^<c.(\mh^+<t>'^). 



(4.8) 
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Now apply Ito's formula to \Y\'^ under each P € V^. We get as usual for every e > 



\yof+ [ 

Jo 



^1/2 2 



dt + 



Je 



\Ut{x)fut{dx)dt 



|e|' + 2/ YtFt{Yt,Zt,Ut)dt + 2 Yt-dKt 
Jo Jo 



■T 



YtZtdB^ 



lo Je 




\Ut{x)f + 2Yt^Ut{x)) Mdt.dx) 



<2 / \Yt\ \Ft{Yt, Zu Ut)\dt + 2 sup \Yt\ Kt 

Jo 0<t<T 

-2 j\tZtdB't - £ J^{\Ut{x)f + 2Yt-Ut{x)^ fis^dt^dx). 
By our assumptions on F, we have 



FtiYt,Zt,Ut) <C{ \Yt\ 



-1/2 

a/ Zt 



+ 



+( mx)\'Mdx) 



1/2^ 



With the usual inequality 2ab < ^a^ + efe^, Ve > 0, we obtain 

rT 



-1/2 2 

a/ Zt 







dt + 

1^1'+ r\Yt\ 

Jo 

rp 

I \Yt-\dKt 
Jo 




JE 



\Ut{x)\'Vt{dx)dt 

+ \yi\ + 



-1/2 ry 

at' Zt 



+ 



\Ut{x)\'%{dx)] \dt 



l/2^ 



-1/2^ 

a' Zt 



l + sup \Yt\^ + 
e / o<t<T 



rT 



■T 



Ft' 



dt 




dt+ / \Ut{x)\^vt{dx)dt+\KTY 



Je 



(4.9) 



Then by definition of our 2BSDEJ, we easily have 



\Kt[ 



<CnE^ 



f-T 



+ 




sup \Yt[ 

0<t<T 



\Utix)\'^ Mdx)dt + 



f 


-1/2^ 

a/ Zt 


Jo 





dt 



Je 











Ff 


dt^ 







(4.10) 



for some constant Cq, independent of e. Now set e := (2(1 + Co)) ^ and plug (|4.10p in 
One then gets 



E^ 



■T 



\a?Zt\^dt + 




Je 



\Ut{x)\'dt{dx)dt 



sup \Yt\' + 

0<t<T 











F? 


dt^ 







From this and the estimate for Y , we immediately obtain 
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Then the estimate for K follows from (j4.10p . The estimates for z and u can be proved 
similarly. □ 



Theorem 4.4. Let Assumptions \3. i\ and \3.2\ hold. For i = 1,2, let us consider the solutions 
(Y'\ Z^,U^ , K^) of the 2BSDEJs (j3.3p with terminal condition Then, there exists a 
constant depending only on k, T and the Lipschitz constant of F such that 



\Y^-Y''\u.<cj\e-e 



\Z^ -Z^WL.n + supE^ 



sup \Kl-K?f 

0<t<T 



+ \\u^ - u 



2||2 



<cAe-e 



Consequently, the 2BSDEJ (|3.3p has at most one solution in D^*^ x M^^f" x J^'' 

Proof. As in the previous Theorem, we can obtain that there exists a constant de- 
pending only on k, T and the Lipschitz constant of F, such that for all P 

-1 /:2|«ll/«^ 



//-y^ <cx[\e-e _ 

Now by definition, we get from (j4.1ip and the representation formula (j4.ip that 

Applying Ito's formula to j^"*^ — ^^|^, under each P G "P^, leads to 

\Ul{x) - Uf{x)\^dt{dx)dt 













/ 




dt+ 1 [ 




^0 




Jo Je 



<C7E^ 



\e-ef 



\Y^^-Yt^\d{Kl-Kj) 



l/2\ 







+ ( j \U}{x)-Ul{x)\vt{dx)dt 



dt 



(4.11) 



(4.12) 



1 t2||2 



2 



+ l|y^ - Y 



2||2 



A'\z\-zl) 



^dt+[ [ \ul{x) -U^{x)\^Dt{dx)dt 
Jo Je 



.1=1 



The estimates for (Z^ - Z^) and {U^ - U^) are now obvious from the above inequality 
and the estimates of Theorem 14.31 Finally the estimate for the difference of the increasing 
processes is obvious by definition. □ 
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A Appendix 



A.l The measures P" '' 

Lemma A.l. Fix an arbitrary measure P = P"'*^ in Vfj. The set V'^{t~^,W) is upward 
directed, i.e. for each Fi := F'^'^'"^ andF2 := F'^'''"^ mP^(t+,P), there existsF' G P^(t+,P) 
such that \lu> t, 



{Ku - Kt 



max 



P2 



{K^-K,f]]. (A.l) 



Proof. 

We define the following J"j-measurable sets 



Ei:=\^uen : Ef^ - Ktfj (u) < Ef^ [(K, - Ktfj (a;)} , 

and E2 := il.\Ei. Then for all A € J-t, we define the probability measure P' by, 

f'{A) := Pi (A n El) + P2(A n E2). 

By definition, P satisfies (jA.ip . Let us prove now that P G P|^(t+,P). As in the proof of 
claim (4.17) in [37j . for s € [0,T], we define the processes a* and v* as follows 

a*{uj) := Q^(a;)l[o,t)(s) + (aj(t^)l{x"e£;i}('^) + Oili^)^{X'-eE2}{^)) h,T]{s), 

l/*(w) := l/,(tj)l[o,t)(s) + {l'l{u)l,^x-(,Ei}i^) + l^'^{u})l,^x"^E^y{u)) l[t,T](s), 



where X" is defined in (|2.6p . We have 

< a A A < a* < a V a^, 

where a, a, a*, c? are the lower and upper bounds of the processes a, and q^. Next, we 
have 

[ {1 A 1x1^)1^* {ds,dx) < I I {I A\x\^)vs{ds,dx) + [ [ {1 A \x\^)i'l{ds,dx) 
Je Jo Je Jo Je 

+ / / (1 A |x|^)z/^((is,(i2;) < +00, 
Jo Je 



and the same way we see that f^^^^^-^^y xi'*{ds,dx) < +00. Then, we have therefore 
clearly (q*, u*) S A, and we can define the element P° ''^ of P^. 

Now using the same arguments as in the Step 3 of the proof of Lemma A.l in [23], we 
obtain that for any ti < ■ ■ ■ < t^ = t < t^^i < ■ ■ ■ < tn and any bounded and continuous 
functions (p and ip, 



E" 



cj)iBt„...,Bt,)^{Bt,,...,Bt 



E" 



, . . . , i?i J E^ ^' ^ [ij{Bt, ,...,Bt^,Bt + Bl ,...,Bt + BlJ] 1e, 
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This shows that 

(P"*-''*)^ = (P')^ for P"*'''* -almost every u m Q and every t > 0. 
Thus P' = P"*'""* eVj^. To prove that P' eV^, we compute 
' r 5 



[f 


s 


2 

ds 




[/ 


s 


2 

ds 




u: 


po 

s 


Jo 








Jo 













2 






po 

^ s 


2 


ds Iei 




u: 


ds 







2 








2 








2 


[f 


po 


ds 




if 


po 

^ s 


ds Iei 




if 


po 

^ s 


ds 


Jo 








Jo 








Jo 







Since by construction P coincides with P on J-^, the proof is complete. 



< +00. 



□ 



A. 2 L'^-Integrability of exponential martingales 

Lemma A. 2. Let 6 > and n € N*. Then there exists a constant Cn,s depending only on 
5 and n such that 



(l + x) 



1 + nx < Cn,sx'^, for all x E [~1 + +oo). 



Proof. The inequality is clear for x large enough, let's say x > M for some M > 0. Then, 
a simple Taylor expansion shows that this also holds in a neighborhood of 0, that is to say 
for X G [—e, e] for some e > 0. Finally, for x G (—1 + 6, —e) U (e, M), it is clear that we can 
choose C large enough such that the inequality also holds. □ 

Memin [27] and then Lepingle and Memin |26] proved some useful multiplicative decompo- 
sitions of exponential semimartingales. We give here one of these representations that we 
will use in the proof of Lemma IA.3I 

Proposition A.l (Proposition ILl of |25j). Let N be a local martingale and let A be a 
predictable process with finite variation such that A A ^ —1. We assume Nq = Aq = 0. 
Then there exists a local martingale N with Nq = and such that 

£{N + A) =£{N)£{A). 

Lemma A. 3. Let A > and M be a local martingale with bounded jumps, such that 
AM > —1 + 5, for a fixed 5 > 0. Let V~'^ be the predictable compensator of 



w; 



^[(l + AM,)' 

s<t 



1 + XAMs 



t > 



We have 

(i) £-^{M) = £{N~^ + A~^) where 
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(ii) There exist a local martingale N ^ such that 

Proof. First note that thanks to lemma lA^ for A > 0, (1 + x)~^ — 1 + Ax < Cx^, and 
thus W~'^ \s integrable. We set 



1 



Tn = mf{i > : £{M)t < -} and Ml' = Mi 



n 



tAT„ 



Then M" and £{W) are local martingales, £'(M") > ^ and ^(M")* = £{M)t if t < T„. 
The assumption AM > — 1 shows that Tn tends to infinity when n tends to infinity. For 
each n > 1, we apply It's formula to a function /„ that coincides with on +oo): 

A(A + 1) '■^ 



£-^{M'')t=l- X [ g-^-^(M"),-dg(M"), + ^ / 
Jo 2 Jo 



£-^-\M''),^d{{£iM'')y)^ 



+ \^£'^{M'')s - £-^{M''),- + X£-^-\M''),-A£-^{M'') 

s<t 

1+ f £{M^)s-dX'^, 
Jo 



where 



:= -AMf + ^^^^ ((Af")", (M")^)^ + [(^ + AAf,)"^ - 1 + AAM, 



s<t 



and then £'-^(M") = Let us define the non-truncated counterpart X of X": 

X = -AM + ^i^±ll (M^ M^) + W-^. 

On the interval [0,Tn[, we have X" = X and £-^{M) = £{X), now letting n tends to 
infinity, we obtain that £~^{M) and £{X) coincide on [0, +oo[, which is the point (i) of the 
Lemma. 

We want to use the proposition lA.ll to prove the point (ii), so we need to show that 
AA > -1. We set 

S = inf{t > : AA^^ < -1}. 

It is a predictable time. Using this, and the fact that M and [W~'^ — V~'^) are local 
martingales, we have 



E 



E[AXs\Ts-]=K 



:i + AMs)-^|7-s- 



and since {S < +00} € J-5 



> E 



1{s<+oo}(1 + AV) =E 1{s<+oo}(1 + AA/5) 



Then AM5 < — 1 on {S < +00}, which means that S = +00 and AA > — 1 a.s. The proof 
is now complete. □ 

We are finally in a position to state the Lemma on L*" integrability of exponential martin- 
gales for a negative exponent r. 
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Lemma A. 4. Let A > and let M be a local martingale with bounded jumps, such that 
AM > -1 + 5, for a fixed 5 > 0, and (M, M)^ is bounded dt x F-a.s. Then 



< +00 dt X 



a.s. 



Proof. Let n > 1 be an integer. We will denote (Im = Ma/ — i^M the compensated jump 
measure of M. Thanks to lemma P^.3l we write the decompostion 

£{My = £{N~'')£ Qn(n + 1) < M^M'^ > +1/"" 

where N~'^ is a local martingale and V~"' is defined as V~"^. Using Lemma lA.21 we have 
the inequality 



Jo JE 



Cx^fMids, dx) 



and using the previous representation we obtain 

f (M)-" < £{N''')t£ (-n{n + 1) (M^ M") + 




Cx'^i'Mids, dx) 



JE 



< £{N-'')t exp (^{^n{n + 1) + C) (M, M), 
<C£{N-'^)t since {M,M)^ is bounded. 
Let us prove now that the jumps of iV~" are strictly bigger than —1. We compute 



AN- 



1 + A^-" 
(1 + AM)-" 



where ^ " is defined as in lemma \A.A\ 

1 > -1 since - 1 < AM < B and AV"^ > -1. 



1 + AV-"- 

This implies that £{N~'^) is a positive supermartingale which equals 1 at t = 0. We deduce 



E [.S(M)7"] < CE (AT-") 



< C. 



We have the desired integrability for negative integers. We extend the property to any 
negative real number by Holder's inequality. □ 
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